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Abstract. We construct a nondegenerate symmetric bilinear form on quan- 
tized enveloping algebras associated to Borcherds superalgebras. With this, 
we study its center and its universal R-matrix. 



1. Introduction 

Quantized enveloping algebras for Kac-Moody algebras were introduced inde- 
pendently by Drinferd(j|]) and Jinibo(||l^) in their studies of the Yang-Baxter 
equation. The Kac-Moody algebras were generalized([^) by Borcherds to accom- 
modate for his study of the monstrous moonshine(Q). And quantized version of 
the enveloping algebras for Borcherds algebras (p^) was soon studied. There are 
also superalgebra versions of these algebras ([^). We shall study the structure of 
the center and find the R-matrix for the quantized Borcherds superalgebras. 

Much work has been done on the center of quantized enveloping algebras for finite 
dimensional semisimple Lie algebras(|p],|7|, pl],|l8|-|2l[|), and there are Kac-Moody(|^) 
and Borcherds versions also. We will mainly follow and to find the 
center for quantized Borcherds superalgebras. 

As for the universal R-matrix, the quantum double construction by Drinfcrd([^) 
gives its existence for any Hopf algebra satisfying some conditions. Even though 
there is a quantum double construction for Z2-graded Hopf algebras we do not 
use it in this paper. Instead, we explicitly construct a universal R-matrix and show 
that it satisfies the Yang-Baxter equation. 

The paper is organized as follows. In Section H, we define the quantized Borcherds 
superalgebras and give it a Hopf algebra structure. The triangular decomposition 
will also be mentioned. In Section ^, the character formula for highest weight rep- 
resentations will be given and we prove a lemma that will be used in later sections. 
The next section is devoted to providing the quantized Borcherds superalgebras 
with a bilinear form and proving its nondegeneracy. In Section |^, we define the 
Harish-Chandra homomorphism, show its injectivity, and prove some properties 
concerning its image. Information on the center of the quantized Borcherds su- 
peralgebra will be obtained in Section |^. The last section will give the universal 
R-matrix and show that it satisfies the Yang-Baxter equation. 

2. Quantum Deformation of Borcherds Superalgebras 

In this section, we define the quantized Borcherds superalgebras and give it a 
Hopf algebra structure. 
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Let / be a countable index set. A matrix A — {aij)ij^i with entries in the real 
numbers is a Borcherds- Cartan matrix if 

• flj.i = 2 or Ui^i < for all i G /, 

• flj.j < if i ^ J and a^.j G Z if a.i^i — 2, 

• fljj = if and only if i = 0. 

If there exists a diagonal matrix D — diag(si|i G I,Si > 0) such that DA is 
symmetric, then A is said to be symmetrizable. If a symmetrizable Borcherds- 
Cartan matrix A further satisfies the constraints, 

• G Z, 

• au e 2Z, 

• s, G Z>o, 

for all I, J G /, then it is said to be integral. 

A complex matrix C — {9ij)ij^i is a coloring matrix iiOi jOj i = 1 for all z, j G /. 
Necessarily, Oi^i = ±1 and we say i is even when 9i_i — 1, odd when 9i_i = — 1. A 
Borcherds-Cartan matrix A is colored by C if for every i G / such that Oi^i — 2 and 
Oi^i = — 1 we have a^.j G 2Z for all j G /. 

Throughout this paper, we shall assume that ^ is a symmetrizable integral 
Borcherds-Cartan matrix which is colored by a coloring matrix C . 

Let /™ G /|ai,i = 2} and /™ = G /|ai,j < 0}. Also let m = (m,|i G /) 
be a collection of positive integers such that — 1 for all i G /™. We call m the 
charge of the Borcherds-Cartan matrix A. 

For a symmetrizable integral Borcherds-Cartan matrix A, which is colored by a 
coloring matrix C, we denote by 0(A, m, C) the Borcherds superalgebra of charge 
m. (See §.) 

We set = (0,g^ Z/i,) © (0^g^ Zd,) and let I) = C ®z i^'' be the complex 
vector space with basis {hi^di\i G /}. For i £ I, we define a; in the dual space 
f)* of f) by setting ai(hj) = a^^i and ai{dj) = Sij. Since A is assumed to be 
symmetrizable, there exists a nondegenerate symmetric bilinear form ( | ) on f) 
given by {sihi\h) = ai{h) and {di\dj) = for i,j G /, /i G f). 

The free abelian group Q — 0jgj Za^ generated by the ai [i G /) is called the 
root lattice associated to A. Let Q"*" = X^iG/ ^>oai and Q~ = — Q+. The coloring 
matrix C — (Oij) gives rise to a complex valued mapping 9 : Q x Q — > 
satisfying 

. ^(a,/3 + 7) = 0(«,/3)e(a,7), 
. 0(a + /3,7) = 0(a,7)^(/3,7), 

for all a, /3, 7 G Q. 

We define the binomial coefficients by: 

- Sf^' - ft W., and {™}^^ = w4^^, 

where {0}q. \ — 1 and qi — q'^^ . 

We let h = qi- qi^ and = g''-'''. 

Definition 2.1 (|^). Suppose g = 0(^iII];, C) is the Borcherds superalgebra of 
charge m determined by the symmetrizable integral Borcherds-Cartan matrix A 
which is colored by a coloring matrix C. Let q be an indeterminate. Then the 
quantized Borcherds superalgebra Uq{Q) associated to q is the associative algebra 
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over C(q) with 1, generated by the elements g'* {h G P^), Ci^k, fi,k {i & I,k — 
1, 2, • ■ • , rrii) with the defining relations: 

(Rl) q° = 1, q'^q'"' = for h, h' G P"^, 

(R2) q'^e^.kq-'' = g"'('')e,,fe for /i G P^, ^ e /, = 1, 2, • • • , m„ 
(R3) = for/^GF^,^G/, fc = l,2,---,m„ 

(R4) ei^kfj,i - 0j,ifj,iei,k = SijSk,i^^{Ki - X^^^), 

for i, j G /, fc = 1, 2, • • ■ , mi, Z = 1, 2, ■ • ■ , TOj, 
if fli.i = 2 and i ^ j, 

Tl = ■ 

if fli^i = 2 and i ^ 
(R7) ei^kSj^i - OijCjjei^k = if a^j = 0, 
(R8) fi^kfjd — Sijfjjfi^k = if Qij = 0. 

Proposition 2.2 ([Q). T/ie algebra Uq{2) has a Hopf algebra structure with co- 
multiplication A, counit e, and antipode S defined by: 



(2.1) 


A(g") = g''®g^ 


(2.2) 




(2.3) 


Hkk) = kk®K^^ + ^®kk 


(2.4) 


e{q") = 1, 


(2.5) 


e(ei,fc) = 0, 


(2.6) 


eikk) = 0, 


(2.7) 


S{q'^) = q-\ 


(2.8) 


S{ei^k) = -K^^Ci^k, 


(2.9) 


S{fi,k) = -.fi,kKi, 



for h G P^, i G /, fc = 1,2, ■ • ■ ,mi. 

We denote by the subalgebra oi U = Uq{2) generated by q'^ for h G 
and C/+ (respectively, t7~) the subalgebra of U generated by the elements Ci^k 
(respectively, fi^k) for i G J, A: = 1, 2, • • • , m^. We also denote by U-^ (respectively, 
[/-") the subalgebra of U generated by the elements q'^ and Ci^k (respectively, fi^k) 
for h G P^, i G /, fc = 1, 2, • • • , m^. For each /3 G Q, let 

(2.10) Uf3^{xeU \ q^xq-^' = q'^'^^^x for all h G P""}. 

We similarly define C/^^, C^^J"^, and for /3 G Q^. We then have: 

Proposition 2.3 (||). 

(a) U ^U- ®U+ . 

(b) = e,.epv Cq\ 
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(d) (R5) and (R7) (respectively, (R6) and (R8)) are the fundamental relations 
for [/+ (respectively, U^). 

We give Q"*" a partial ordering by setting A > /j, if and only if A — /i S Q"*". We 
will also use the notation K-y — Y[ K^' for 7 = "-iO^i £ 

3. Representations of [/^(g) 
For i G / define the C-linear functionals e ()* by: 

(3.1) J^iihj) = (5jj, A,(dj) = 0, for aU j e /. 
Define the lattices: 

(3.2) P = {A e r|A(/i.), A(dO e Z,Vi e /}, 

(3.3) p=(0Za,)e(0ZA,). 

ie/ is/ 

P is called the weight lattice of g. An element A € P is said to be a dominant 
integral weight if 

(3.4) \(h,) G Z>o for all i e /™, 

(3.5) \(hi) e 2Z>o for aU i e n 7°'*'^, 

where /"'^'^ denotes the set of z G / such that 6.1 i = — 1. Let P+ denote the set of 
all dominant integral weights. 

Set ^* = C (g^z P. Then the nondegenerate symmetric bilinear form on f) gives 
an isomorphism between f) and ^* hence also induces a bilinear form on We 
may extend this bilinear form to a symmetric bilinear form on [}*. We extend it so 
that it satisfies (A|ai) = X(sihi) and (A|Ai) = X(sidi) for every A G f)*. Write A±/i 
if (A|/x) = 0. 

For each i G / such that an ^ 0, we define the simple reflection r^ G GL(f)*) on 
r by 

(3.6) r,(\) = \- —\(hi)ai. 

The subgroup W of GL([)*) generated by (i G P'') is called the Weyl group of 
g(A, m, C). We denote hy I -.W — > Z>o the natural length function. 

Let R be the family of all imaginary simple roots, each root occurring as many 
times as its multiplicity, i.e. nii times for a^. For A G P^, define P(A) to be the 
set of all /i — J2]=i '^ij ~^J2k=i ^ikPik £ Q^^ where (resp. /?i^) are distinct even 
(resp. odd) roots in R, satisfying 

• ai-lX, Pik±\ for aU j, k, 

• ai.±(3i^ for aU j, k, 

• a^. ±ai^ , Pi. ±l3i^ for j ^ fc, 
. ifi., >2. 

In particular, G P(A). Suppose p G t)* satisfies p(hi) = ^Oi i for all i € I. 

Proposition 3.1 (@|l|l). Let \ e P+ . Denote by Mi(X) the Verma module for 
C/q(g) with highest weight A and let ^(X) be the irreducible highest weight module 
over Uq(g) with highest weight X. Then, 



(3.7) chM«(A) = -— — = y (dim[/-. 



)e 



-/3 
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In this formula, $~ is the set of all negative roots. 

The following is a Corollary to this proposition. 

Lemma 3.2. Let 7 = X^jg/ rijaj G . Suppose A € P"*", > for all 

i e /™ and X{hi) > Ui for all i G F^. Then we have a linear isomorphism 
UZ^ — — >■ V'^{\)\--y given by u 1 — »■ uv\. 

Proof. UZ^ — > M'^(A)a-7 surjective, so UZ^ — >■ V'^{X)\-j is also surjective. 
Hence it sufSccs to show dimUZ^ = dim V^(A)a-7. Since (ai|A) = X{sihi) = 
SiX{hi) > for all i € /™, no nonempty subset F oi R satisfies F±X, and so 

(_iy(^")e™(A+p)-p 

(3.9) chV\X) = 

(3.10) = ( ^ (-i)'We'"(^+p)-P)( J2 (dim/7r^)e-^) 

Therefore, it suffices to show that if w(A + p) — p — /3 = A — 7 for some w G W, 
(3 G Q+, then w; = 1. 

Wc will show that ifw ^1, then 7 + w(A + p) — (A + p) ^ Q"*" by using induction 
on the length of w. 
Uw = ri {ieF^), then 

7 + ri(A+p)-(A + p) 

= 7 + A + p - (A(/i,) + p{hi))ai - (A + p) 
= 7 - (Xihi) + l)ai Q+. 

If u> = w'n (?: e /™) with l{w) = l{w') + 1, then 

7 + w;(A+p) - (A + p) 

= 7 + wVi(A + p) - (A + p) 

= 7 + u>'(A + p - (A(/i,) + p(/i,))a^) - (A + p) 

= (7 + w'{X + p) - (A + p)) - (A(/i,) + l)M;'a, ^ g+. 

This completes the proof. □ 



4. The Bilinear Form on Uq{Q) 

4.1. The bilinear form on [/-° x [/-". In this section, wc define a bilinear form 
on U-^ X U-^ which is nondegenerate when restricted to x UZ/^, G Q~^. 

For (j) & [Up)*, ip e (C^t)*, X e Ufj, and y e U^, we define (0 V')(a; ^ y) = 
8{—'y, P)(f>{x)'tp{y). With this, and the Hopf algebra structure on Uq{Q), we can give 
an algebra structure to ^aeQ+i^^a)* by setting {<l)i(p2){x) = {(pi (8) 02)(A(x)) for 
<;^i,02 G 0„eQ+(?7-a)* and a; G ?7-°. For /i G and i G /, fc = 1, 2, ■ • • ,mi, we 
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T>0\ 



define the linear functionals 4>h,^i,k G ®aeQ+^^ a)* t>y 

(4.1) (a;ef/+,/i'eP^), 

(4.2) V»,fc(V')-0 (a;et/+,/3eQ+\{aJ), 

(4.3) ^^,k{e^,lq'') ^ 

Proposition 4.1. There exists an algebra homomorphism 

(4.4) C : ^ (C/^a)* 

QGQ+ 

given by 

(4.5) ((q") = 0/. (/i e P^), 

(4.6) C{f^.k)^-^^^^M (^e/,fc = l,2,••• ,m,). 

S4 



Proof. By Proposition 2_^, we have only to check that the relations (Rl), (R3), 
(R6), and (R8) are preserved under the map C- Other cases being easy, we just 
sketch the (R6) part. 

Define e^^j! = c"j,/{n}g. !. We may check by induction on n that 

s-\-t—n 

This show 



((A®l)oA)(e(;^)= Yl C™M5^r^e(;2^^®e(*) 



r+s+t—n 



We again use induction to prove 



With this, it is possible to show 

L " J qi '^P^ q^ 

with the summation over nonnegative integers a, (3, 7, 5 such that a + (3 = N — 
7 + (5 = m, a + 7 = 7V — n, and /3 + (5 = n and where 

A' = l3-i + {N - n)n + i(7V - n)(7V - n - 1) + - 1), 

S' = /3 - 7 + (iV - n) - n, 

C" = a/5 + 7(5 + 2/37 + (/3 + 7)a,j + i(Ar - n){N - n - 1) + in(n - 1). 



Noting 
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we can calculate 



n=0 



iV — TO TO 



/3 Jo,.U 



n=0 

with the second summation over nonnegative integers satisfying the same conditions 
as before and where 

A = ^N{N - 1) + m/3 + i/3(/3 - 1) + ^6(6 - 1), 

B = N -m, 

C ={m- niN + ^N{N - 1)) + (to^ + 1 - N)f3 + (m - 1)S. 
This can be written as a product of two sums which simplifies to zero. □ 
Define a bihnear form ( | ) : x [/^" — > C{q) by 

(4.7) ix\y)^C{yK^) {xeu^^yeu^"). 

For n € Z>o, we denote by A„ : [/ — > jj^in+i) ^ ^^^e algebra homomorphism 
defined by Ai = A, A„ = (A ® f ) o A„_i, and we write 

(4.8) A„(a;) = ^a;(o) ® •••®X(„). 

For homogeneous elements Xi G Ujf'^ , i/i G Uz!^. {i = 1,2), we define (a;i (g) 
X2\yi ® 2/2) = 6'(/32, -7i)(a;i|yi)(x2|?/2) and extend it by linearity. For x G Up, 
y G U^, we will write 6{x, y) to mean 6'(/3, 7) and define P : U ®U — > U ®U hy 
P{x ® y) = 9{x, y)y ® x on homogeneous elements and extend it by linearity. 



Proposition 4.2. The bilinear form {\) on [/-° x C/-" defined by (4.7) satisfies: 

(.TGC/^o,yi,y2eC/^°), 



(4.9) 


ix\yiy2) 


(A(x)|2;i ®y2) 


(4.10) 


{xiX2\y) 


(F(xi ® 0:2)1 A(2/)) 


(4.11) 




= q-Wh') 


(4.12) 


(9'IAfe) 




(4.13) 


(e»,fc|g'*) 


= 0, 


(4.14) 


(e»,fc|/j,0 




fori,j G /, fc = 1,2,. 





r>0 „, ^ rr<0^ 



(^/I'eP^), 



Moreover, the bilinear form on U- x U- satisfying the above equations is unique. 



Proof. Everything including uniqueness is straightforward except for (4.10). It is 
proved by induction. Here we just show the induction part. We suppress the 
summation signs for simplicity. Assume (x^x'^\y'^) — d(x^ ,x^){x'^ (E) x^\A{y^)) for 
i = 1,2. Then, 

{x'xW) = ay')ay'){^'^') 

= C(y') ® C(2/')((a;(o) ^l)) ■ (4) ® 4))) 
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— ^(2^(0) ' ^li) )^i^lo) ' ^(1) )^(^(0) ' ^(1) )^(^(0) ' ^(0) ' •''(1) ) 

= ^(a;(o),a;(i))^(a;(o)j2;(i))0(a;(p-|,X(j)) 

' (^(0) 1^(0) ) (^(0) ly(i) ) (^(1) lyfo) ) (^(1) lyfi) ) 
= %(i),y'o))(A(a;')|y(o) <55y'o))(^(2;')|y(i) ® y'l)) 

= 9{x\x'')ix''^x'\iyla)(g>yl^) ■ (yfo) <^ yfi))) 
= e{x\x^)ix^ (x)x^\A{y^y^)). 
This completes the proof. □ 



Lemma 4.3. 

(a) {S{x)\Siy)) = ix\y) 

(b) {xq^\yq^') = q-'^''\''">{x\y) {h,h' e P"^ ,x e U+ ,y e U-). 

(c) (C/+|C/r^) = 

Proof. To prove (a), we set ( | )' = (5( )|5( )) and show ( | )' satisfies conditions 
of Proposition The remaining two are easy. □ 

Lemma 4.4. For x G U-''\ y G U-'^ , that are homogeneous, we have 

(4.15) 9{x,y)yx= ^ 'c)xy{x(^o)\S{y(o))){x(2)\y{2))x(i)y{i) 

(^)2,(y)2 

and 

(4.16) xy = Y^ dix{i),y{i))Oxy{x(a)\y{o)){x{2)\S{y(2)))y{i)X(^i) 
with Q^y = 0{x(i),y(Q))e{x(2),y('d)W{x(2),y(i))- 

Proof. By substituting ( 4.15| ) into the right hand side of ( 4.16| ), we can show that 
( p^ ) imphe s (pT6| ). 

To prove ( 4.15| ), we use induction on y and reduce the problem to showing this 
true for y = and y = fi^k- The case y = is easy. The case y = fi^k turns out 
to be equivalent to showing 

Si.X, fi^k)fi,kX = ^ \^ix(l)\fi,k)x(o) 

^(1) 

(4.17) + d(x(i), f^,k){x^l)\K-^)xt^o)Ak 

- S{x(i) , fi,k)i.X{o) \fiM)K^^X(i)^, 
which is proved by induction on the length of □ 



Lemma 4.5. Let f3 e \ {0} and y e U^^. If Ci^ky = —P)yei,k for all 

i I , k = 1,2, ■ ■ ■ , mi, then y = 0. 



CENTER AND R-MATRIX FOR QUANTIZED BORCHERDS SUPERALGEBRAS 



9 



Proof. Choose A G satisfying the assumptions of Lemma 3.2. Since ei^kiU'Vx) = 
0{ai, —P)y{ei^k ■ vx) = for aU i G /, fc = 1, 2, • ■ • , m;, and wt(y • v\) — X — (3 < A, 
y ■ v\ generates a proper submodule of y (A). Hence y ■ vx — 0. Lemma |3.2| now 
says y = 0. □ 



Theorem 4.6. For jS e the bilinear form ( | ) : t/-" x 
by (4.7) is nondegenerate when restricted to Up x UZ/^- 



C{q) defined 



Proof. Since dim Uj^ — dim U_p, nondegeneracy on one side imphes the nondegen- 
eracy on the other side. So we will just prove the statement 



(4.18) 



if y e C/„o, and {Ui'\y) = then y = 0. 



We use induction on (3. 
The case (3 = or is easy. 

Assume ( |4.18| ) is true for all 7 < /? with P e Q+ \ ({0} U {aj^e/). Recall the 
notation ~ q^i<^' for 7 = X)ie/ "i'^i ^ Q- definition of A, we see that 



(4.19) 

with j/o 
have 

(4.20) 
(4.21) 
(4.22) 
(4.23) 



0<7</3 

1 (g) y and yp = y®l. Fix < 7 < For any u G and u e we 



= (i; (g w|A(y)) 



= 0(7,/3-7)(M^;|y) by (|4.10|) 
= 0. 



Hence [U^ g) Up_^\yy) = 0. This implies y-y = by our induction hypothesis. 
Therefore A(y) — y ® K-p + 1 (g y. We apply Lemma 4.4 to 

(4.24) A2(e,,fc) = e,,fe + K,® e,,fc ®l + Ki® K,® e,,^ 

(4.25) A2(y) = y g) K.p (g + 1 g) y (g + 1 (g 1 g) y 

and get 

(4.26) 6'(q;j, -P)yei^k = e^^kV for aU i e /. 

Hence y = by Lemma □ 



4.2. The KilUng form. Recall from Proposition that U = C/+ (g[/°g)S'([/") ^ 
U~ ®U'^ ® S{U^). Using the bilinear form defined in the previous section, we define 
a new bilinear form 

{\) -.UxU ~>C{qi) 

by setting, 

(4.27) {x,q'^-Siy,)\y2q''^S{x2)) = |y2)(a;2|yi)g~(''^l'^^)/20(yi, y2)0(yi, ^2) 
for homogeneous Xi G , yi £ , hi £ P^ and extending by linearity. 
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For homogeneous u,v G U, we define 

(4.28) ad(u) -v = ^ 6'(m(i), 'y)u(o)wS'(u(i)) 

(4.29) V ■ ad{u) = 0{v, M(o))>S'(uo)wu(i). 

(«)i 

It is easy to check that these define left and right actions of J7 on ?7. 
The bilinear form on U defined above is invariant in that: 

Proposition 4.7. For u,v,v' € U, 

(4.30) (ad(u) • v\v') = {v\v' ■ ad(u))6l(M, v)e{u, v'). 

Proof. It suffices to check the formula for u ~ q'^ {h" G -P^), Ci^k, fi.k (* G I.,k ~ 
1,2,- •• ,mi) and for v = xq^S{y) and v' = y'q^'S{x') with x e , x' G C/^, 
y G C/Z^, y' G UZ^i (/3,/3',7,7' G Q^). Since the case u — fi^k is similar to the case 
u = Bi.fc, we will omit the case u = fi^k- 

(i) u = q''" 

The left hand side is 

(ad(M) • v\v') = {q''" vq-''" \v') = q''f^-^^'^''"^v\v') , 
and the right hand side is 

•Sd(li)) = {v\q-''"v'q''") = q'^^'-'^'^'^''"\v\v'). 

Since {v\v') ^ only when /? = 7' and /?' = 7, we are done. 

(ii) u = ei,k 

Applying Lemma 4.4, we obtain 

ad(M) • V = e^^kxq'^Siy) + /3)g("-l^)a;if,g''^(e,,fc2/) 



e^,kxq''S{y) + /S)?^"'!^) ^ {a - B + c}, 



where 



and 



(y)2 



A - (e,,fc|y(o))(l|^(y(2)))a;X,g''5(y(i)), 

B - g"-('*)(if,|y(o))(l|5(2;(2)))a;e,,feg''5(y(i)), 

C = 0{ei^k,y(i)){Ki\y(^a)){ei,k\S{y(2)))xq^S{y(i)). 

v' ■ S(w) = -e{P' - 7', a,)q(^'-"'l"')e,,fe2;'i^rig'''5(x') 
-0(/3',«,)g^^'"''''"''y'/^(e.,fc2:') 
= -e[p' - 7', a,)g^^'~""l"'^ Yl ~ ^' + "^'l 

(2/')2 

-0(/3',a,)g(^'-'''l"''yy^(e,,fcx'), 
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where 

A' = (e,,fc|2;[o))(l|5(y[2)))y[,)i^-i/5(a:'), 

B' = -70g("'l"')g-"'(''')(ifd%))(l|^(y(2)))2/(i)9'''5(x'e.,fc), 

C = 0(e.,fe,y[i))(i^,|y[o))(e,,fc|5(y[2)))j/(i)9''^(^')- 
There are only two cases to consider. 

• 7' /? + tti and 7 = /?', 

• y — (3 and 7 = /3' + . 

Since the latter case is similar to the former, we will only check the first case. 
Assume 7' = /3 + a; and 7 = (3' . Then, in order to have B ^ 0, we must have 
y{o),y{2) e U° and e C/I^,. Similarly, A' =^ implies G J/r"^, 2/[i) G C/r°, 
and y^2) S In this case, we get = yiK~^ for some y[ g C^^^- Also 

C 7^ implies y^g^ G t/", y^^-j G Uzp, and ?/^2) ^ Uza.- In this case, we have 

y[2) ~ y'2^Y^-ai ^'^^ some ^ ^-q,- We need to prepare one more fact. Using 
Proposition 4.2, we obtain the following formula. 

(V)2 

X {xz\y(o)){x2\y{i)){xi\yi2)) 
for any Xi G C/^ (z = 1, 2, 3) and y G J7^. From this formula, we get 

{x'\y) = {x'K,\y) - ^(if,|y(o))(a;'|y(i))(l|y(2)), 

(vh 

{xe^^kW) = 51 ^(^'e^fe)^(^'y(o))(e«,fc|y(o))(a;|y[i))(l|y(2)), 
{y')2 

{ei,kx\y') = (ei^fex/Cily') 

= XI ^(e«,fe,a;)6'(e,,fe,y[i))(ifi|y[o))(a;|y(i))(ei,fc|y[2)). 
(y')2 

Now, we obtain 

(ad(u) = (e.,,V^(y)l2/V^(2;')) 

-0(a.,/3)g("-l«g"-('^)X(if.|y(o))(a;e,.fcg'^^(y(i))|y'g'^'^(x')) 
(y)2 

= 0(7,7'-/3')9"^''"''^/' 

X [{e,,kx\y'){x'\y) - /3)g("'l'')g"'('') X(i^.|y(o))(xe.,fc|y')(2;'|y(i))} 

{y)2 

X XI (^^ Im) (2^' (2^12^(1)) 
{y)2,{v')2 

X {(A'.|y[o))(e.,fc|y[2)) -^(x,2/[o))g'"'l''^9"*(''He.,fc|y[ 

and 

• ^{u)) = - e{l3' ~ 7', 
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X 

('/) 



J2 {{e.My[o)){^q''Siy)\y[,^Kr\'^'s{x')) 



+ 0(e,,fc,y[,))(i^,|y[o))(e,,fc|5(y[2)))(V'^(y)|y[i)9''5(x'))} 
'-d{p' - 7', a,)0(7, p - p')q-m')/2q(J3\a^) 

{6'(e«,/c,y(i))(^»|y(o))(ei,fcifr^|y2^7'-aJ(2;|y(i))(a;'l2/) 



X 

(y')2 



X XI (^^l2/(o))(2;'|y(i))(a;|2;(i)) 
(y)2,(y')2 

Comparing these two, we get the desired formula. □ 

This proposition aUows us to define a right [/-module structure on some subal- 
gebra of U* . Define ( : U — > U* by setting 

(4.31) [au)]iv) = {v\u) 

for u,v ^ U. Here, the dual space on the right should be viewed as the set of linear 
maps from U to C{q^). For ({u) e ({U), x e C/, define ({u) ■ x by, 

[C(u) •a;](u) = e{u,x)e{v,x)[C,{u)]{a.A{x) ■ v). 



Proposition 4.7 allows us to check • x — Q{u ■ ad(a::)). So this gives a right U- 
niodule structure on Q{U) and Q : U — > C(^) becomes a [/-module homomorphism. 

Proposition 4.8. The bilinear form { \ ) is nondegenerate. Hence, the map C is 
injective. 

Proof. Let u e UZJJ^S{Up with {v\u) = for all v £ [/+[/" 5 ([/I^). It suffices to 
show u = 0. For each 7 G Q+ — {0}, choose a basis {m^}* of ^^t^- ^^id l^t {f/ji be 
a basis of UZ^ dual to {u1}i with respect to the nondegenerate bilinear form ( | ). 
Notice that the elements u°'q'^S{vj) with h e and i, j going over appropriate 
indices, form a basis for U^U'^UZij- Similarly, the elements w^g'' S{uf) form a basis 
for UZJJ^U^. Writing u = Y.k,h,i 0'k,h,iv'^q'^' S{uf) with ak,h,i e C(q), and using 

we arrive at, 

for each fc, I, and /i e P^. Now, each map h ^ q~Wh )/2 jg group homomorphism 
from to the multiplicative group C{q'^)^ . Since is not a root of unity, 
distinct h' produces distinct homomorphisms. So, by Artin's Theorem on linear 
independence of characters, every ak,h',i = 0. We have u = as claimed. □ 
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5. Harish-Chandra Homomorphism 

We denote the center of t/ by 3. For each i e / with Ui^i ^ 0, define the simple 
reflection Vi £ GL([)) by, 

2 

ri{h) ^ h ai{h)hi, 

and let W = (n \ i € I,a,,^ 7^ 0) C GL([)). Let {U°)^ be the subspace of 
consisting of the elements J^heP'-^ ^^q'^ i^h G such that Ch ^ implies 

w{h) £ and c^(h) — Ch for any w £ W. 

We define an algebra automorphism (j) : U'^ ^ U*^ hy setting (f>{q'^) = q^P'y'^\^ 
for h £ . The Harish-Chandra homomorphism ^ : 3 ^ is the restriction to 3 
of the map 

For later use, we define the algebra homomorphism x\ • — ^ for each 

A£P+byxA(g'') = g^(''^ 

Proposition 5.1. 

(a) ^ is an algebra homomorphism. 

(b) ^ is injective. 

Proof. We will just prove |(b)| . Let z £ 3 be such that ^(z) = 0. Writing z — 
^^gQ+ with £ UZf-jJyUp , we see that zg — 0. Fix any /? £ minimal 
with the property that zp ^ 0. Also choose basis {yr}r and {xsjs of UZp and f/^, 
respectively. We may write z_a = J2r s yrUr,sXs for some Ur^s G Then, 

+ ^{ei,kyr - d{ai, -f3)yrez,k)Ur,sXs 
r,s 

+ ^ yr{0{ai, -P)ei^kUr,sXs - Ur,sXsei,k) 
r,s 

Recalling the minimality of /?, we see that only the second term on the right belongs 
to UZ(^^_^a^-^U°U+ . So we have I]r,s(ei,fc2/r - -P)yrei,k)ur,sXs = 0. {xs}s was 
chosen to be a basis, so ei^k J2r VrUr.s — 0{ai, —(3) yrei,kUr,s for all i £ / and s. 

Let v\ £ T^^(A) denote the highest weight vector. Set v = ^rX\{ur,s)'yrVx- 
Then Ci^fcW = 0{ai, —P)J2ryr^i,kUr,sV\ = for all i £ /, so the irreducibility of 
T^'(A) says w = 0. Choosing an appropriate A £ P+, we may use Lemma ^.2| and 
say J2rX\iur,s)yr = 0. Again, {y^jr was a basis, so Xxi^r^s) = for aU r,s. By 
choosing a suitable set of A, we may show Ur,s = for all r, s and we have zp = 0. 
This contradicts the choice of 2/3. □ 

We now try to close in on the image of For each J C {(i, k) \ i ^ I,k — 
1,2,- ■• ,TO,;}, let Uj = {ei^k, fi,k,U^ \ {i,k) £ J). We denote by 3j the center of 
the algebra Uj and by : ij — > the Harish-Chandra homomorphism for Uj. 
Let i7j (respectively, C/J) be the subalgebra oiUj generated by ei,fe (respectively 
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fi,k) with (i, k) e J, and set 

(5.1) R+, ={xc, U+\ {x\Uj) = 0}= {x e [7+1 {x\UjU^) = 0} 

(5.2) i?7 = {yeC/-| {Uj\y)=Q}={yeU-\ ([/°C/+|y) = 0} 

(5.3) Rj = RjU"U+ + U-U"Rj 



The foUowing may be proved as in |15|. 
Lemma 5.2. 

(a) U^Uj® Rj, 

(b) UjRjUj c i?,/, 

(c) (e® l(8)£)(i?j) = 0. 

Define U° = 0,^ C(q)q'', where the direct sum is over all h S satisfying, 
• ai{h) G SiCi^iZ if i G I''^, 



• ai{h) G 2siai,iZ if i G 1°'^'^ and ai,^ 7^ 0. 



Proposition 5.3. 

(a) lm(0 C (t/O)^. 

(b) lm(0 C t/o. 

(c) Im(e) Clm(O). 



Froof. (a) Let z G 3. Let G M'^{\) be the highest weight vector. Then, zvx = 
Xa+p(C(^))"a- Since z commutes with every element of U, z acts as Xx+pi^i^)) on 
every element of ^^(A). Now, fix i G / such that aij ^ 0. We may calculate 



, 1 fl-'ifl"""'.' 1 fl" „"'*'.■ 

So that, for each A G P satisfying n(A) :— -^\{hi) G Z>o, we can check that 
f^l^^^'^vx is a highest weight vector. Its weight is 

/ 2 \ 2 
A - ( \{h,) + l\ai = A {\ + p){h,)ai 

^ri{X + p) - p. 

The argument at the beginning of this proof applies to any highest weight vector 
and we have, 

under the condition -^\{hi) G Z. Checking Xrip[q^) = XtJ.{^iQ'^)i fo^' ^ 
the above may now be written as 

xx+pi^z) - n^z)) - 

for every A G P satisfying X{hi) G ^^Z>o. By choosing a suitable set of A, we may 
show ^(z) = n^iz). 

[t>j Let z = J2i3eQ+ Zji G I with G C/r^L/°[/^. Set x = Y^°^=QZna, and 
y — z — X. Then z = x ^ y with x G and y G P{(i.i)}. Looking at 

= Ei^fcZ - zej,fc = (ei,fca; - xe^^fc) + (ei,fej/ - ye^^fc) 



with Lemma 5.2 in mind, we see that a; G By the results of Section 6.1, all 

of which may be obtained by direct calculation, we have. 
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• zo e {Kf, q'^ I ai{h) 0) if i e 1°'^'^ and a, ^ 0. 



The result follows. 



(c) For z € 3, write z — x + y with x Cz Uj and y G As in the proof for [b] 



we may show x e 3,7. So we have, ^(z) = ^(x) + ^(y) = ^(x) = ^./(x) G Im(^j). □ 

6. The Center of [/^(g) 

6.1. Rank 1. In this section, we list the center for the case when the index set is 
of size 1. All results may be obtained by direct calculation using induction after 
choosing a suitable basis oi U = U~ ® ® U^. 

If tti^i / 0, Oi^i = 1, define 

= ^^^^^^^ + 1 (t^F^^^ - 1^^^^' 

If ai^i ^ 0, Oi^i — 1, define 

L/ \ u"^ A \ K^^\ 

If h e satisfy ai(ft-) ^ 0, define 

Proposition 6.1. 

(a) // J = {(i, 1)} and aia ^ 0, 

then^j = | e F^,a,(/i) = 0). 

(b) // J = {(i, 1)}, fli.j = 0, and 9i,i = I, 
then ij = {q'' \ he P'',a^{h) = 0) C [/°. 

(c) If J = {{i, I)}, aiA = 0, and 9i^i = -1, 

then I J = (a,,, g''' \h,h' ^ P'',a,{h) ^ 0, = 0). 

6.2. Finite type. In this section, we give a structure theorem for the center of 
Uq{2) when the Borcherds-Cartan matrix is of finite type. We take the Borcherds- 
Cartan matrix to be of finite type throughout this section. To simplify arguments, 
we redefine 



P-=^Zh,., 



for this section. Notice that the bilinear form ( | ) is still nondegenerate on the 
redefined f). 

The irreducible highest weight module has a natural grading. 

aeQ+ 

Define a map ry e End(F*(A)) by setting r]{v) = 6{a, a)v for v e V'^{X)\-a. When 
the Borcherds-Cartan matrix A is of finite type, it is known (|12|) that the irreducible 
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highest weight module V{X) over q{A) is finite dimensional for A G P^. Since the 
classical limit([|j) of V''{X) is V{X), V''{X) is also of finite dimension when A G P+. 
So we may define the supertrace for x G Uq{Q) acting on V^IX) by 

(6.1) str(a;; V^iX)) = tr(?7 o x; V^iX)). 
For homogeneous elements x,y E U, we can easily check 

(6.2) str{xy) — 9{x, y) siv[yx). 

Lemma 6.2. u E ^ if and only if u ■ ad(a:) — e{x)u for all x E U. 
Proof. Let u G 3. Then, u eUq and 

u ■ a.A{x) = ^ S'(a;(o))MX(i) 

= -u^ S'(a;(o))a;(i) = e(x)u. 
(^)i 

Conversely, if u ■ ad(a;) = e{x)u for all x E U, 

q^'^uq''' = u ■ a,d{x) ^ e{q^)u = u. 

So u G C/q and we have, 

= e{ei^k)u = u ■ ad(ei,fc) = -K^^ei^kU + K~^uei^k- 
This shows e^jtu = uci^k- We may similarly show /i^fcU = u/i^^ and hence w G 3. □ 

For each A G P+, define fx G U* by 

(6.3) /A(u)=str(ui^2-/;T/«(A)). 

Let v : \) \)* denote the isomorphism given by the nondegenerate symmetric 
bilinear form ( | ). Define 



Recall the map C ■ U — > U* defined in (4.31) 



Lemma 6.3. For Xe P+, fxe Ini(C) if and only if X E \Q 



Proof. From Proposition 4.8, we see that the image of C, is the restricted dual of 
U,[q). So 

MC) = ( {uZpY) ® ( c{q)x,) ( [u+Y) 

P<^Q+ i^e^Q 

under the identification U = U~ ® J/" U^. The finite dimensionality of V'^{X) 
allows us to shows fx G Im(C) if and only if A G -^Q. □ 

The next proposition gives elements of the center. 

Proposition 6.4. For each X G P^ fl ^Q, we have zx := C~'^(/a) G 3- 
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Proof. Recall from the theory of finite dimensional simple Lie algebras, that p may 
be written as a half sum of positive roots. Since the simple roots for the super case 
is identical to the non-super case, we have 2p G Q"*" in either case. Hence, in the 
notation given on page ^, K2p is a well-defined element of J7". Using the fact that 
K^xK2p = S'^{x) for any x £ U and using the property of supertrace given by 
( |6.2| ), we have for any u £ U, 

{fx ■ x)iu) = /A(ad(a;) • u)e{u,x) 

= ^ str(a;(o)M5(a;(i))X2p'; V'i{X))6{x^^-^ , u)6{u, x) 
(^)i 

= ^siT{uS{x(i))K:2pX(Qy,V'^{X))e{x(^Q),X(i)) 
(^)i 

= str(M5(^5(a:(o))x(i))X2-/;l/'(A)) 

^e{x)siT{uK^^;V\\)) 
= £{x)f\{u). 



Thus fx - X — e{x)fx- Recall from Proposition 4.8 that C is injective, and notice 

/a • a: - C(C-'(/a)) ■ X = C(C~'(/a) • 

This shows (^~^(/A)-ad(a;) = e(a;)C~^(/A)- From Lemma |6.2|, we get C^^jfx) £ 3- □ 

We finally show that the above elements generate the whole center. 

Theorem 6.5. Suppose that the Borcherds-Cartan matrix A — {ai_j)i_j^i is inde- 
composable and of finite type. Then, ^ : 3 > (U^)^ is an isomorphism. 

Proof. Let us calculate ^(^a)- We extend the notation Kf^ introduced in page ^ to 
P G Q hy setting Kj^^. = We have the commutative diagram 

c 

u ► u* 

e » id (g)e I | 

U° -(c/°)* 

where the right vertical arrow is the restriction map and the lower horizontal arrow 
is given by i-^ X-p/2- Now, as maps on C/°, 

fx = J2e{X-p,X- ^l) A\Tn{V{\)p)q-^^p\^\^. 
p<\ 

This shows, 

(6.4) £,{zx) = ^ 0(A - /X, A - A^) dim(y (A)^)i^_2;. 

M<A 

for A G P+ n IQ. 

Define P to be the set of elements G f)* such that p{hi) G Z if i G / is even 
and iJi{hi) G 2Z if i G / is odd. Notice P+ C P. We can now write 

U'r= C{q)Kp. 
p£2PnQ 
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Action of the Weyl groups W and W defined on f) and f)* are compatible with the 



isomorphism v. By Proposition 6.4, it suffices to show that the elements ^{z\) with 
A e P+ n iQ generate (f/°)^. 

Set p, = X^tDGVi^ ^-wfi for any fi ^ Q. We know that the elements fl with 
II G 2P+ n Q generate (?7°)^. Let us use induction to show that each of them 
belong to Im(^). The element G is given by £,(z\) with A = 0. Choose any 
A G 2P+ n Q. Then, ^A G P"*" fl so that zi^ is an element of the center. 



Recall that Im(^) is invariant under the action of W (Proposition 5.3). Using 
dimy(iA)i;^ = 1, we may rewrite (3^) as 



with iif^ G Z and running over some set of weights of T^''(iA). Since all n < X, 
induction hypothesis show that each p, belong to Im(^). Hence A G Im(^) and the 
induction step is complete. □ 

6.3. Other Cases. Let 2^, 0^, and Qi denote the fact that ai^i is respectively, 2, 
0, and negative. We will sometimes add a ± to these to reflect the sign of 9i^i. So, 
for example, 2~ implies that i is an odd real index. For i,j G /, let us say Qi is 
connected directly to Qj if Oij ^ 0, where can be any one of 2, 0, or Q. Here are 
some results for the case when \J\ = 2. 

Lemma 6.6. Assume one of the following. 

(a) J= {(i,l),(i,2)} withQ, 

(b) J — with of connected directly to OJ 

(c) J = {(«, 1), (j, 1)} with 0^ connected directly to OJ 

(d) J — {{i, I), {],!)} with Qi connected directly to OJ 

(e) J — {(z, 1), {j, 1)} with 2i connected directly to Qj 

(f) J — {{i, 1), (j, 1)} with Qi connected directly to Qj 

Then, 3j C C/". 



froof. (aj and |fj may be proved as in Proposition 4.5]. And (e) may be proved 



as in |15|, Proposition 4.6]. (c) is proved by explicit calculation. 

Let us prove |(b)| and |(d)| simultaneously. Let z G 3,7. Since it commutes with 
g'* for all h G , z = ^zp with zp G Q U° Q , where the sum is over all 
/3 G Z>oai Q Z>Qaj. Let a be maximal among those $ G Z>oQ!i © Z>oaj for which 
z/j is nonzero and suppose a ^ 0. Let {x^} and {y\} be any bases of {Uf)a and 
{UJ)-a respectively. We can now write 



Ch y^l Xf,j +Z 



Recall Lemma 4.4 and notice 



A2(ei^fe) = Ci^k QlQl + KiQ a^k ®l + Ki® KiQ a^k, 
^2{yx) ^ iQyxQ K^a + "other terms". 
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This shows that the only part of Ci^kZ — zCi^k belonging to the direct sum component 

t/r„ c/o is 



■ ,M h 

yxq Xf_,ei^k 



X,fi,h X.fi.h 



\,h 

Hence, for each h G and A, 

and the same statement with i replaced by j also holds. Now, e| ^ =0 is the only 
relation in Uf for the case we are considering, so we may take an explicit set of 
monomials in e^^i and ej i for the basis of and using these, we can show that 
the two equations cannot be simultaneously true. □ 

Proposition 6.7. Assume that A is indecomposable. Suppose that every OJ is 
connected directly to a 0; or a Qi. If there is a nonempty subset J of {{i,k) \ i G 
I , k = 1, ■ ■ ■ , rrii} such that jj C [/°, then 3 is contained in . 

Proof. Let J = {i G / | (i, fc) G J for some fc}. For i G /, set 

= C{q)q\ 

We then have jOU'^ — Di^iTi and similarly, }j OU'^ — C^i^jTi. It suffices to show 
Im(e) C n,g/T,. 

We already have Im(^) C Im(^,7) C Ti for every i ^ J. Also if 0^, we have, 
Im(^) C Im(^{(j 1)}) C Ti by Proposition |6.1| |(b)| . If 0^, the conditions on the 
matrix shows we may use Lemma |6.6| and say Im(^) C Ti. 

We now show that if Ojj ^ and atj ^ 0, then Ti n {U")^ C Tj . Let c = 
Y^Chq'' eT,n (C/O)^. We must have r^c = c e T„ so if / 0, then ai{h) = 
and aiijjh) = 0. But ai{rjh) — —-^aj_iaj{h) so ctjih) — 0. We have c G T, as 
wanted. 

Fix any j G / — ( J U {i | a^.i — 0}). By the indecomposability of A, there 
exists a finite sequence i — io,ii, ■ ■ ■ ,in — j such that j G J U {« | ai^i — 0}, 
ife ^ JU {« I Qi^i = 0} for fc > 1, and ai^^i^_^_^ ^ for all k. What we have found 
above allows us to recursively show Im(^) C Ti^, and in particular, Im(^) CTj. □ 

Proposition 6.8. Suppose there exists some finite J G I such that for every j G J, 
aj,j — 2 and for which the corresponding submatrix Aj — {ai_j)i_j^j is indecompos- 
able and not of finite type. Then, 3,7 C [/°. 



Proof. By 13, Proposition 4.9], we have \Wj\ — 00. Let J' C J be such that 
\Wji\ = 00 and < 00 for all J" C J'. We may use Proposition |6.7| if we 

can show 3,/' C C/°. Hence it suffices to show that if /i G P^, < 00, then 

ai{h) = 0, for all i E J' . Give partial order to f) by setting hi > /12 if and only if 
/ii — /i2 G {J2i Z>o/ii) + (X^i Z>o(ii)- Let h' G Wj'{h) be maximal with respect to 
this order. Then for each i G J', if ai{h') < 0, then h' < rih', so ai{h') > for all 
i G J'. Set Wh' = {weW \ w{h') = h'}. By O, Proposition 3.12(a)], Wh' = Wj'> 
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with J" = {i e J I a^{h') = 0}. If J" C J', then = \Wj'/Wh'\ = oo. 

Hence we must have J" = J' and ai{h') = for all i E J', {h'} = Wj'{h') = 
Soh = h' and ^^(/i) = for all i e J'. □ 



Proposition 6.9. Let A be indecomposable, not of finite type, and ai^i = 2 for all 
i e /. Then, j C 

Proof. Suppose there exists some finite indecomposable submatrix which is not of 
finite type. Then we may use Proposition 3.7 and Proposition 6.8 to obtain the 
result. 

If, to the contrary, every finite submatrix of A is of finite type, it must be one 
of the following types : 

• Aoo O O O O 

• A'^ ---O O O-- 

• Boo 0$=0 O O--- 

• Coo o=^o O O--- 



• Do 




In all cases, with / naturally ordered, the matrix satisfies the following condition. 
For each i G I, there exists some j > i such that a^j ^ 0, and a^ fc = 
for k > i . 

Let c^Y^h Chq'' G lni(0 C (f/°)^. Fix /i e for which Ch ^ 0. We aim to show 
= oo if aj{h) ^ for some j € /. We may assume that only finitely many 
j £ I satisfy oij{h) ^ 0. Let fc G / be the maximal of those so that aj{h) = for 
all j > k and ak{h) ^ 0. Set = k, and using property (6.3), recursively choose 



so that in+i > in and ai„,i„+i ^ 0. Put ho — h and hn+i — 



cannot form a closed orbit and 
and 3 C U°. 



oo. Hence Im(^) C ©/igpv 



Then, hn 
□ 



We can now collect all results and state : 



Theorem 6.10. Assume that the Borcherds-Cartan matrix A = {aij)ij^i is in- 
decomposable and not of finite type. Suppose that every 0~ is connected directly to 
aOi or a Qi. Except for the case when \I\ = 1 with rm = 1, the center^ belongs to 



Proof. We apply Proposition 6.7 to each possible case. 

If \I\ = 1, the conditions imply either a 0^ or a 0^ with rrii > 2. These cases 
may be handled by Proposition ^T (b) and Lemma 6.6 (a), respectively. 

Now suppose |/| > 2. Proposition |6.9| does away with the case when all Oi^i — 2. 
If it contains a 0,^ , we ma y ag ain use Proposition OA [b] . If it contains a 0~ but no 
0^, we use Lemma 3.6 (c),(d)|. The only other case is covered by Lemma \).(^ (e),(f). 

□ 



7. The Universal R-matrix 

In this section, wc find the universal R-matrix for the quantum group Uq{g). 
A Hopf superalgebra (a colored Hopf algebra) H together with an element R £ 
H (E) H is called a quasi-triangular Hopf superalgebra if it satisfies: 
(a) R is invertible, 
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(b) R • A(a) = A' (a) • R for all a&H, 

(c) (A® 1)(R) = Ri3R23, 

(d) (l(g)A)(R) = Ri3Ri2, 

where A' = P o A with P a colored twisting map, and where Rjj is an element 
oi H ^ H ^ H such that the z'th and j'tli components are given by R and the 
remaining component is 1. The element R is called the universal R-matrix. It 
satisfies the Yang-Baxter equation 

(7.1) R12R13R23 = R23Rl3Rl2- 

A Hopf superalgebra H together with an element C € H ^ H and an algebra 
homomorphism ^ : H <S: H — > H ^ H is called a pre-triangular Hopf superalgebra 

if it satisfies: 

(PI) C is invcrtiblc, 

(P2) C ■ A(a) = 3>(A'(a)) • C for all aGH, 

(P3) $23 $i3(Ci2) =Ci2, 

(P4) $12 0$i3(C23) =C23, 

(P5) $23(Cl3)-C23 = (A®l)(C), 

(P6) $i2(Ci3)-Ci2 = (l®A)(C). 

Under some conditions, it is possible to show that a pre-triangular Hopf super- 
algebra becomes a quasi-triangular Hopf superalgebra. 

We set U~^'^ = 07eQ+,7^/3 U:^ for each /? G and define the completion U of 
Uhy: 

(7.2) (7 = lim UIUU+'^. 

There is a natural embedding of f7 in [/ and there is a natural algebra structure on 
il which extends that of U under this embedding. 

The completion of ?7®" is similarly defined. We will write U®U for the comple- 
tion oiU ®U. 

Define an algebra automorphism ^ : U <SiU — > U ®U hy 

(7.3) ^{q^ <»q^') = q^ ®q^' , 

(7.4) $(ei,fc O 1) = ei,fe (g) Jfi, $(1 ej,^) = /fj (g) ei,fe, 

(7.5) Hkk<S)l) = fi,k^Kr^, $(1 /a) = ® Afc- 

It can be shown that $ naturally extends to an algebra automorphism of U®U . 

We denote by Cp S ® ?7~^ the canonical element of the bilinear form ( | ) : 
Up X UZ/j — > C. Define 

(7.6) = 13 e{l3,p)q^''^\'^^\K^^ ®K0)C0 G U®U. 

Lemma 7.1. 

(a) C ■ Aiqf") = $(A'(g'')) • C {he P^), 

(b) ($23 «'l3)(Cl2) = Ci2, 

(c) ($12 o4>i3)(C23) = C23. 



Proof. This is just straightforward calculation. 



□ 
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Lemma 7.2. Let (3 e Q+ . 

(a) E7,56Q+ C,{Ks ® 1){S ® = 50,0- 

(b) E^,56Q+(^7 ® l){S®l){C^)Cs = <5/3,0. 

(c) 9i^i[l ei,fc, = Cp{ei^k ® ^r^) ~ (^i.fc -ftri)C,3. 

(d) ® 1. C-^+aJ = C'^(^^ kk) - {Kr^ «> /^,fe)C3. 

(e) (A 1)(C^) - Ey.SeQ^ q-^^-\^^\Ks ® 1 ® l)(C^)l3(C,-)23. 

(f) (1 A)(C0) = E7.56Q+ 1 ® K.s){CMCs)i2. 

7+'5=/3 



Proof. Here we show the proof for {a^ only. Other cases may be proved in a similar 
spirit. 

The case /? = is trivial. So a ssume (3 e (3~''\{0}. The left hand side is contained 
in t/^ (g) [/, so by Theorem 4J it suffices to show that the application of (■\w) ® 1 
is zero for all w G UZp- We may write 

i^{w)= ^ w^'^{l®Ks) with w^''^ ^UZs®UZ^ 



7,'56Q+ 
7+i5=/3 



and 



We may also fix basis {xj}r and {y^}'- of f^T^ and U_^, respectively, which are dual 
with respect to the bilinear form. Now, 

(( |«;)®1)(LHS) = (( \w)®l){^ J2 0{y1,xl)xlKsS{xi)®yJyi 
= e{x1,KsS{xl))e{~^,5){KsS{xl)®x1\^{w))y:iyl 

'y,S.r,s 

= E 9{6,^){ksS{xi)\wf^l){x^^\wf^%K.s)y7y's 

7,(5.r,s.m 

7,5,m r s 

= E ^('5,7)(E(^?K™)y?)(5I((^'i^^"'^"'K™))y') 
-^"'(E<™^«™^*"')) 

7,(5,m 

= {S-'^ omo(l®S)oA){w) 
= 0. 

Hence the left hand side is zero when /? 7^ 0. □ 
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Proposition 7.3. Let 

(7.7) C'= ^ 0(/3,/3)g('''^l'''')(l«)if0)(5® e [/0C/. 

Then CC = C'C = 1. 
Proof. 



/3eQ+ 7+'5=/3 
7,/3gQ+ 



I3&Q+ 7+'5=/3 

7,/36Q+ 



We may now apply Lemma 7^. The other part is done similarly. □ 
Proposition 7.4. We have 

(7.8) C-A(e,,fe) = $(A'(e,,fc))-C, 

(7.9) C-A(/,fc) = a>(A'(/,,fc)).C. 
Proo/. 

C-A(e,,fc)= Y 0{P,P)q^''^+-^^''f'HK^'<E,Kp+^^)Cp{e,^k<E>K-') 
/3eQ+ 

+ ^ ^(A/3)9^"'^-°-l''^^n^A.®^/3)^/3(l®e^.'=) 
/3eQ+ 

$(A'(e,,fc)) • C = ^ 0(A/3)g^'''^"''^-°-n^A. 

/36Q+ 

+ ^ 0(/3,/3)g('''^+°.l'*f'n^;^'®^/3+aJ(e»,fc®^^)C/3 

C-A(e,,fc)-*(A'(e,,fe)).C 

= ^ 0(A/3)9^''^l''^+°-H^;;'®^^/3+«J 

• |C/3(ej,fc ® ifj^^) - (ej,fc (g) ii:j)C/3 - 6'(ai,aj)[l ® 6^,^, C/3+aj| 
We apply Lemma [7.2| to obtain the result. The other case is similar. □ 



Proposition 7.5. VFe have 

(7.10) $23(Ci3)-C23 = (A®l)(C), 

(7.11) a>i2(Ci3)-Ci2 = (1® A)(C). 
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Proof. 

$23(^?i3)= 0{i,i)q^''-\''-'\K-^ ® K-^ ® K.,){C^)^z 



7eQ+ 

(*23(Ci3))C23 - diP,f3)q^'''^'''HK^' ® K^' ® Kp) 

■y,S&Q+ 

The second case is done similarly. □ 

The Propositions tell us that U is almost a pre-triangular Hopf superalgebra. 

Theorem 7.6. The statements (PI) and (P2) hold in U®U and the relations 
(P3)-(P6) hold in U®U®U. 

A weight module is P -weighted if all its weights belong to P. Notice {P\P) C Z. 
This allows us to define 3 G End(y Cg) W^) for any P- weighted t/q(g)-modules V and 
W by setting, 

(7.12) -iiv ® w) ^ q'''"^^''^\^^^'^'^h ® w 

on homogeneous elements and extending by linearity. The map 3 is certainly in- 
vertible. There is a natural action oiU ®U ouV ®W and as endomorphisms on 

V®W, 

(7.13) 4'(a®&) =3o(a®&)o3-i 

for every a ® b G U ® U . 

Set R = 3~iC. Then we finally have: 

Theorem 7.7. Lei (i = 1,2,3) 6e P-weighted Uq{Q) -modules. As endomor- 
phis ms o n Vi ®)V2 ^V^, when it can be defined, R satisfies the Yang-Baxter equa- 



tion (17.11) . 



Proof. From (P5) and equation ( 7.13 ), we have 

(7.14) 323Ci332"3'^^23 = (A ® 1)(C) 

(7.15) R13R23 = 3r3 32V(A ® 1)(C) 
Applying P ® 1 to both sides of (P5) and working as above, we get 

(7.16) R23Rl3 = 3^3^3:3 (A' ®1)(C). 
The use of (P2) shows, 

(7.17) R23R13R12 = 323'3r3 ((A' ® l)(C))Rl2 

(7.18) = 32-3^3:3 ((A' ® 1)(C))(3-^C® 1) 

(7.19) = 32"3'3r3 (3-'C ® 1)(A (g> 1)(C) 
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Now, the 3jj commute with each other and (P3) with (7.13) says C12 commutes 
with 3r3^323^, so we may use ( 7.15| ) to write 



(7.20) 32~3'3r3 (3-'C ® 1)(A ® 1)(C) = R12R13R23. 

Putting things together, we have the result. □ 
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